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Abstract. UML sequence diagrams is a speciﬁcation language that has
proved itself to be of great value in system development. When put to
applications such as simulation, testing and other kinds of automated
analysis there is a need for formal semantics. Such methods of automated analysis are by nature operational, and this motivates formalizing
an operational semantics. In this paper we present an operational semantics for UML 2.0 sequence diagrams that we believe gives a solid starting
point for developing methods for automated analysis. The operational
semantics has been proved to be sound and complete with respect to a
denotational semantics for the same language. It handles negative behavior as well as potential and mandatory choice. We are not aware of
any other operational semantics for sequence diagrams of this strength.

1

Introduction

Uniﬁed Modeling Language (UML) sequence diagrams [1] and their predecessor
Message Sequence Charts (MSC) [2] are speciﬁcation languages that have proved
themselves to be of great practical value in system development. When sequence
diagrams are used to get a better understanding of the system through modeling,
as system documentation or as means of communication between stakeholders
of the system, it is important that the precise meaning of the diagrams is understood; in other words, there is need for a well-deﬁned semantics. Sequence
diagrams may also be put to further applications, such as simulation, testing
and other kinds of automated analysis. This further increases the need for a
formalized semantics; not only must the people who make and read diagrams
have a common understanding of their meaning, but also the makers of methods
and tools for analyzing the diagrams must share this understanding.
Methods of analysis like simulation and testing are in their nature operational;
they are used for investigating what will happen when a system is executing.
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When developing techniques for such analysis, not only do we need to understand
the precise meaning of a speciﬁcation, we also need to understand precisely the
executions that are speciﬁed. This motivates formalization of semantics in an
operational style. In this paper we present an operational semantics for UML
sequence diagrams that we believe gives a solid starting point for developing
such methods of analysis.
Sequence diagrams is a graphical speciﬁcation language deﬁned in the UML
2.0 standard [1]. The standard deﬁnes the graphical notation, but also an abstract syntax for the diagrams. Further the UML standard provides an informal
semantics of the diagrams. Figure 1 shows a sequence diagram d in the graphical
notation. A sequence diagram consists of a frame, representing the environment
of the speciﬁed system, and one or more lifelines, representing components of the
system. Arrows represent messages sent between lifelines or between a lifeline
and the environment, and if the beginning or end of an arrow is at a lifeline this
represents an event. Combined fragments are operators, like the choice operator
alt, and each combined fragment has one or more operands.
The semantics of UML 2.0 sequence diagrams is trace based. The standard
states that the semantics of a sequence diagram is a pair of traces (p, n) such that
p is interpreted as valid (positive) traces and n is interpreted as invalid (negative)
traces. Further, the union of p and n need not exhaust the trace universe.
Several properties of sequence diagrams prevent us from adopting a simple
automata or process algebra approach to deﬁning the formal semantics. First of
all, sequence diagrams are partial speciﬁcations, and invalid behavior is speciﬁed explicitily by an operator neg. This means we cannot treat valid and invalid
behavior as complementary sets. Further, communication between lifelines is
asynchronous and lifelines are non-synchronizing, but choices, like the alt operator, are global. This means that sequence diagrams have a semi-global nature.
Finally, the choice operator alt is ambiguous, and may be interpreted as either
potential choice or mandatory choice. In our approach, this ambiguity is resolved
by interpreting alt as potential choice and introducing a new operator xalt to do
the job as mandatory choice.
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In [3,4,5] a denotational semantics for sequence diagrams is formalized. We refer to this as the STAIRS semantics. STAIRS has a more general semantic model;
the semantics of a diagram is a set of pairs {(p1 , n1 ), (p2 , n2 ), . . . , (pm , nm )}. A
pair (pi , ni ) is referred to as an interaction obligation. The word “obligation”
is used in order to emphasize that an implementation of a speciﬁcation is required to fulﬁll every interaction obligation of the speciﬁcation. This semantic model makes it possible to distinguish between potential and mandatory
choice.
A trace is a (ﬁnite or inﬁnite) sequence of events e1 , e2 , . . . , ei , . . .. We let
t1 t2 denote concatenation of the traces t1 and t2 and  denote the empty trace.
Let H be the trace universe. For each interaction obligation (pi , ni ) we have that
pi ∪ ni ⊆ H. All interaction obligations are independent of each other, and an
interaction obligation is allowed to be inconsistent (i.e., we allow pi ∩ ni = ∅).
The contribution of this paper is an operational semantics for UML 2.0 sequence diagrams. Obviously, choices must be made where the UML standard is
ambiguous, but as far as possible the semantics is faithful to the standard. The
semantics is easy to extend and modify. This allows us to give a “default” or
“standard” interpretation, but also to experiment with the semantics and make
variations on points unspeciﬁed by the standard. Speciﬁcally it has a formalized
meta-level which allows deﬁnition of diﬀerent execution strategies. It is not based
on transformations to other formalisms, which makes it easy to work with. Further it has been proved to be sound and complete with respect to the STAIRS
semantics.
The structure of this paper is as follows: In Sect. 2 we present the syntax
over which the semantics is deﬁned and in Sect. 3 the operational semantics.
Soundness and completeness is treated in Sect. 4. In Sect. 5 we present related
work and, ﬁnally, in Sect. 6 conclusions are provided. A short presentation of
the denotational semantics of STAIRS is provided in Appendix A.

2

Syntax

The graphical notation of sequence diagrams is not suited as a basis for deﬁning
semantics, and the abstract syntax of the UML standard contains more information than we need for the task. Our operational semantics is deﬁned over
a simpler abstract syntax deﬁned in [4, 5]. This is an event centric syntax in
which the weak sequential operator seq is employed as the basic construct for
combining diagram fragments.
The atom of a sequence diagram is the event. An event consists of a message
and a kind where the kind decides whether it is the transmit or the receive
event of the message. A message is a signal, which represents the contents of
the message, together with the addresses of the transmitter and the receiver.
Formally a signal is a label, and we let S denote the set of all signals. The
transmitters and receivers are lifelines. Let L denote the set of all lifelines. A
message m is deﬁned as a triple (s, t, r) ∈ S × L × L with signal s, transmitter
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t and receiver r. M denotes the set of all messages. On messages we deﬁne a
transmitter function tr. ∈ M → L and a receiver function re. ∈ M → L:
def

tr.(s, t, r) = t

def

re.(s, t, r) = r

We let K = {!, ?} be the set of kinds, where ! represents transmit and ? represents
receive. An event e is then a pair of a kind and a message: (k, m) ∈ K × M. E
denotes the set of all events. On events we deﬁne a kind function k. ∈ E → K
and a message function m. ∈ E → M:
def

k.(k, m) = k

def

m.(k, m) = m

We let the transmitter and receiver functions also range over events, tr. , re. ∈
E → L, and deﬁne a lifeline function l. ∈ E → L that returns the lifeline of an
event:

tr.e if k.e = !
def
def
def
re.(k, m) = re.m
l.e =
tr.(k, m) = tr.m
re.e if k.e = ?
A sequence diagram is built out of events, the binary operators seq, par, alt and
xalt, and the unary operators neg and loop. Related to the graphical syntax, the
operators represent combined fragments and their arguments the operands. In
addition we let skip represent the empty sequence diagram. Let D be the set of
all syntactically correct sequence diagrams. D is deﬁned recursively as follows:
e∈E
d1 , d2 ∈ D
d∈D
d ∈ D ∧ I ⊆ N∞
d ∈ D ∧ n ∈ N∞

skip ∈ D
⇒e∈D
⇒ d1 seq d2 ∈ D ∧ d1 par d2 ∈ D ∧
d1 alt d2 ∈ D ∧ d1 xalt d2 ∈ D
⇒ neg d ∈ D
⇒ loop I d ∈ D
⇒ loopn d ∈ D
def

In the deﬁnitions of the two loops we have N∞ = N∪{∞}, where ∞ is a number
greater than all other numbers and has the property ∞ − 1 = ∞. The intention
behind loop I d is that d should be looped any number n ∈ I times. The UML
standard describes two loops loop(n) and loop(n, m), where n is the minimum
number and m the maximum number of iterations. We may deﬁne these as:
def

loop(n) d = loop [n..∞] d

def

loop(n, m) d = loop [n..m] d

As can be expected, we have associativity of seq, par, alt and xalt. We also
have commutativity of par, alt and xalt. Furthermore the empty sequence diagram
skip is the identity element of seq and par. The combination of skip and loop is
discussed in Sect. 3.2.
In this abstract syntax the diagram of Fig. 1 is expressed as:1
d = (?, (a, env, i)) seq ((!, (b, i, j)) seq (?, (b, i, j)) alt (!, (c, i, j)) seq (?, (c, i, j)))
1

Here we let env denote the environment of the diagram. Formally this is a gate, but
gates are outside the scope of this paper. Also note that seq binds stronger than alt.
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Operational Semantics

An operational semantics of a language deﬁnes an interpreter for the language.
In our case the input to the interpreter is a sequence diagram represented in the
abstract syntax deﬁned above. The output of the interpreter is a trace of events
representing an execution. It is deﬁned as the combination of two transition
systems, which we refer to as the execution system and the projection system.
The execution system is a transition system over
[ , ]∈B×D
where B represents the set of all states of the communication medium and D
the set of all syntactically correct sequence diagrams. The projection system is
a transition system over
Π( , , ) ∈ P(L) × B × D
where P(L) is the powerset of the set of all lifelines. The projection system is
used for ﬁnding enabled events at each stage of the execution and is deﬁned
recursively.
These two systems work together in such a way that for each step in the
execution, the execution system updates the projection system by passing on the
current state of the communication medium, and the projection system updates
the execution system by selecting the event to execute and returning the state
of the diagram after the execution of the event.
We also formalize a meta-level that encloses the execution system. At this
meta-level we may deﬁne several meta-strategies that guide the execution and
that are used for formalizing our notions of negative, potential and mandatory
behavior.
3.1

The Execution System

The execution system has two rules. The ﬁrst rule represents the execution of a
single event and uses the projection system to ﬁnd an enabled event to execute.
It is deﬁned as
[β, d] −→ [update(β, e), d ] if Π(ll.d, β, d) −→ Π(ll.d, β, d ) ∧ e ∈ E
e

e

(1)

where e is an event and ll.d is a function returning the set of lifelines in d.
In general we assume the structure of the communication medium, i.e. the
means of communication, to be underspeciﬁed. The only requirement is that the
following functions are deﬁned:
– add ∈ B × M → B: Adds a message.
– rm ∈ B × M → B: Removes a message.
– ready ∈ B × M → B: Returns true if the communication medium is in a
state where it can deliver the message and false otherwise.
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The function update ∈ B × E → B is deﬁned as:

add(β, m.e) if k.e = !
def
update(β, e) =
rm(β, m.e) if k.e = ?
Since receiver information is embedded into the messages, these functions are
suﬃcient. In this paper we assume the most general communication model, i.e.:
no ordering on the messages. This means that, e.g., message overtaking is possible. Formally then, B may be deﬁned as the set of all multisets over M, add
as multiset union, rm as multiset minus and ready as multiset containment.
The second rule of the execution system executes silent events. The rules
of the projection system handle the sequence diagram operators alt, xalt, neg
and loop. Resolving these operators, such as choosing the branch of an alt are
considered silent events. We deﬁne the set of silent events to be
T = {τalt , τxalt , τneg , τpos , τloop }
with E ∩ T = ∅. The reason for introducing all these diﬀerent silent events is
that they give high ﬂexibility in deﬁning execution strategies by making the
silent events and their kinds available at the meta-level. The rule is simple:
[β, d] −→ [β, d ] if Π(ll.d, β, d) −→ Π(ll.d, β, d ) ∧ τ ∈ T
τ

τ

(2)

The empty diagram skip cannot be rewritten, but we assert that it produces the
empty trace, i.e.:


[β, skip] −→ [β, skip]

(3)

This also means that execution terminates when skip is reached.
3.2

The Projection System

The Empty Diagram. It is not possible to rewrite Π(L, β, skip). skip being
the identity element of seq and par, skip seq d, d seq skip, skip par d and d par skip
are treated as identical to d.
loop∞ skip is more problematic. Seen as a program this construct is similar
to the java fragment while(true) { }, i.e., a program that produces nothing
and never terminates. When related to the denotational semantics, however, the
semantics of loop∞ skip should be the empty trace , since the denotational
semantics characterize observation after inﬁnite time. A simple solution would
be to syntactically disallow the construct all together. Because we do not want
to make too many syntactic constraints, and because we want to stay close to
the denotational semantics we choose to let loop∞ skip reduce to skip, even
though this may be seen as counter-intuitive from an operational point of view.
Event. The simplest case is the diagram consisting of only one event e. In this
case the system delivers the event if the event is enabled given the set of lifelines
and the state of the communication medium. This means ﬁrstly that the event
must belong to one of the lifelines, and secondly that either the event must be a
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transmit event or its message must be available in the communication medium.
The need for L will be evident in the deﬁnition of rules for seq below.
e

Π(L, β, e) −→ Π(L, β, skip) if l.e ∈ L ∧ (k.e = ! ∨ ready(β, m.e))

(4)

Weak Sequencing. The weak sequencing operator seq deﬁnes a partial order
on the events in a diagram; the ordering of events on each lifeline and between
the transmit and receive of a message is preserved, but all other ordering of
events is arbitrary. Because of this, there may be enabled events in both the
left and the right argument of a seq if there are lifelines represented in the right
argument of the operator that are not represented in the left argument. This
leads to two rules for the seq operator.
If there is an overlap between the given set of lifelines and the lifelines of the
left hand side of the seq, this means that the lifelines in this intersection may
have enabled events on the left hand side only. Hence, with respect to these
lifelines, the system must look for enabled events in the left operand.
e

Π(L, β, d1 seq d2 ) −→ Π(L, β, d1 seq d2 )
e
if ll.d1 ∩ L = ∅ ∧ Π(ll.d1 ∩ L, β, d1 ) −→ Π(ll.d1 ∩ L, β, d1 )

(5)

If the lifelines of the left hand side do not exhaust the given set of lifelines, this
means there are lifelines only represented on the right hand side, and that there
may be enabled events on the right hand side of the operator. This means the
system may look for enabled events at the right hand side of the seq, but only
with respect to the lifelines not represented on the left hand side.
e

Π(L, β, d1 seq d2 ) −→ Π(L, β, d1 seq d2 )
e
if L \ ll.d1 = ∅ ∧ Π(L \ ll.d1 , β, d2 ) −→ Π(L \ ll.d1 , β, d2 )

(6)

Note that the two conditions ll.d1 ∩ L = ∅ and ll.d1 \ L = ∅ are not mutually
exclusive. If both these condition are true at the same time there may be enabled events at both sides of the seq operator. These events are then interleaved
arbitrarily. In such a case the rules may be applied in arbitrary order.
Because the transitions of the system are used as conditions in the recursion
of these rules, the rules will not be applied unless an enabled event is found
deeper in the recursion. Because of this the system will always be able to return
an enabled event if enabled events exist.
Interleaving. The parallel operator par speciﬁes interleaving of the events from
each of its arguments; in other words parallel merge of the executions of each
of the arguments. The rules of par are similar to the rules of seq, but simpler
since we do not have to preserve any order between the two operands. One of
the operands is chosen arbitrarily. As with the seq rules, the use of transitions
as the conditions of the rules ensures that an enabled event is found if enabled
events exist.
e

Π(L, β, d1 par d2 ) −→ Π(L, β, d1 par d2 )
e
if Π(ll.d1 ∩ L, β, d1 ) −→ Π(ll.d1 ∩ L, β, d1 )

(7)
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e

Π(L, β, d1 par d2 ) −→ Π(L, β, d1 par d2 )
e
if Π(ll.d2 ∩ L, β, d2 ) −→ Π(ll.d2 ∩ L, β, d2 )

(8)

Choice. The rules for choices end the recursion; the choice is resolved and a
silent event is produced. By resolving the choice instead of looking for events
deeper down, we ensure that the same choice is made for all the lifelines covered
by the choice operator.
τ

alt
Π(L, β, d1 alt d2 ) −→
Π(L, β, dk ), for k ∈ {1, 2}

τ

xalt
Π(L, β, d1 xalt d2 ) −→
Π(L, β, dk ), for k ∈ {1, 2}

(9)
(10)

The rules for alt and xalt are identical except for the kind of event they produce.
This reﬂects the fact that the operators are indistinguishable at the execution
level, but since they produce diﬀerent events, the kind of the choice is available at
the meta-level and this will be used in the deﬁnition of meta-strategies. Because
we have that ll.(d1 alt d2 ) ∩ L = ∅ and ll.(d1 xalt d2 ) ∩ L = ∅ no conditions or
restrictions on L are needed.
Negative. The operator neg is treated as a choice with one negative branch
and one empty branch. Silent events are used to ﬂag which branch is chosen,
and hence the choice is made available at the meta-level.
τpos

Π(L, β, neg d) −→ Π(L, β, skip)
τneg

Π(L, β, neg d) −→ Π(L, β, d)

(11)
(12)

Similar to the choice rules, we have that ll.(neg d) ∩ L = ll.d ∩ L = ∅.
Iteration. Informally, in loop I d there is a non-deterministic choice between the
numbers of I. If n ∈ I is picked, d should be iterated n times. This is formalized
by a rule that chooses which number to use:
τ

alt
Π(L, β, loop I d) −→
Π(L, β, loopn d) if n ∈ I

(13)

loopn d is a loop with a counter. In the rule the counter is decreased by one for
each iteration. We also produce a silent event to represent the iteration of a loop.
Even though iteration of a loop in itself is not the most relevant information at
the meta-level, it may be useful for deﬁning execution strategies, for example if
we want to give iteration of the loop low priority.
τloop

Π(L, β, loopn d) −→ Π(L, β, d seq loopn − 1 d)

(14)

Also here we have the property that ll.(loopn d) ∩ L = ll.d ∩ L = ∅. Since we
have that ∞ − 1 = ∞, loop∞ d speciﬁes an inﬁnite loop. Further we assert
def

that loop0 d is equal to skip, i.e., loop0 d = skip, so we do not need a special
rule for this situation.
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Meta-strategies

There are several strategies we may choose when executing a sequence diagram
and generating the histories of its possible executions. Examples of this may be
generating one or a speciﬁc number of random traces, all traces, all preﬁxes of
a certain length, etc. We wish to have the possibility of varying the execution
strategy. The way to do this is to deﬁne diﬀerent meta-strategies for executing
the diagrams with the operational semantics. Two examples are given below. In
both we make use of a meta-system over
{| , |} ∈ H × EX
where H is the set of all traces and EX denotes the set of states of the execution
system. The ﬁrst place of this pair is a “container” for a trace and the second
place is the current state of the execution system.
One Random Trace. The strategy may be deﬁned by the means of two rules,
one rule for normal events and one rule for silent events:
{|t, V |} −→ {|te, V  |} if V −→ V  ∧ e ∈ E

(15)

{|t, V |} −→ {|t, V  |} if V −→ V  ∧ τ ∈ T

(16)

e

τ

The initial state for execution of a sequence diagram d is:
{|, [∅, d]|}
All Traces. With this strategy we want to generate all possible traces of a
diagram d and place them in the correct semantic structure of STAIRS. As
explained in Sect. 1, the semantic model of STAIRS is a set of interaction obligations {(p1 , n1 ), . . . , (pm , nm )}. For each interaction obligation (pi , ni ), pi is a
set of positive traces and ni is a set of negative traces.
Instead of sets of traces we will use “interaction obligations” of sets of positive
and negative executions, i.e. meta-system states. Initially we have a set consisting
of a single interaction obligation with the initial state of d as the only positive
element and no negative elements:
{({{|, [∅, d]|}}, ∅)}
In the following we deﬁne rules that for each execution state deduce the next
steps to be made, and in executing these steps rewrite the whole structure.
To make the rules more readable, we only show as much of the context, the
surrounding structure, as is needed for deﬁning the rules.
If we want all traces, we need to make a branch in the execution every time
there is a possibility of more than one event occurring ﬁrst. The rule for executing
events asserts that for a given state, the generation must branch for every enabled
event:
e
(17)
T ∪ {{|t, V |}} −→ T ∪ {{|te, V  |} | V −→ V  ∧ e ∈ E}
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The rule for resolving an alt is similar. For each branch of the alt, the execution
must branch:
τalt
T ∪ {{|t, V |}} −→ T ∪ {{|t, V  |} | V −→
V }
(18)
The rule for iteration of loop is deﬁned in the same fashion:
τloop

T ∪ {{|t, V |}} −→ T ∪ {{|t, V  |} | V −→ V  }

(19)

The rules for resolving a neg are more complicated since they concern an interaction obligation and not only one of the sets in an interaction obligation. Let
P, P  , N, N  be sets. The rule for resolving a neg in a valid execution is then:
(P ∪ {{|t, V |}}, N ) −→ (P  , N  )
where

(20)

τpos

P  = P ∪ {{|t, V  |} | V −→ V  }
τneg
N  = N ∪ {{|t, V  |} | V −→ V  }
In an already invalid execution, there is no diﬀerence between choosing the
positive or negative branch:
(P, N ∪ {{|t, V |}}) −→ (P, N  )
where

τpos

(21)

τneg

N  = N ∪ {{|t, V  |} | V −→ V  ∨ V −→ V  }
Resolving an xalt involves splitting an interaction obligation, and hence, the rules
for xalt need even more context:
xalt
V }
O ∪ {(P ∪ {{|t, V |}}, N )} −→ O ∪ {(P ∪ {{|t, V  |}}, N ) | V −→

(22)

xalt
V }
O ∪ {(P, N ∪ {{|t, V |}})} −→ O ∪ {(P, N ∪ {{|t, V  |}}) | V −→

(23)

τ

τ

Using these rules will in some cases give a result that diﬀers from the denotational
semantics. For example, consider the diagram
d = (e1 alt e2 ) seq (e3 xalt e4 )
where (for simplicity) the events e1 , e2 , e3 , e4 are all on the same lifeline. The
denotation of d is:
[[ d ]] = {({e1 , e3 , e2 , e3 }, ∅), ({e1 , e4 , e2 , e4 }, ∅)}
The operational semantics gives us executions:
τ

alt
[β0 , (e1 alt e2 ) seq (e3 xalt e4 )] −→
[β0 , ei seq (e3 xalt e4 )]
ej
ei
τxalt
−→ [β1 , e3 xalt e4 ] −→ [β1 , ej ] −→ [β2 , skip]
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with i ∈ {1, 2} and j ∈ {3, 4}. With the above strategy the execution ﬁrst
branches because of the alt, and then the xalt splits the interaction obligation
for each of these executions. Because of this we get four interaction obligations:
{({e1 , e3 , e2 , e3 }, ∅), ({e1 , e4 , e2 , e4 }, ∅),
({e1 , e3 , e2 , e4 }, ∅), ({e1 , e4 , e2 , e3 }, ∅)}
To deal with this we need to give priority resolving xalts over resolving the other
kinds of choices. We deﬁne a special rule allowing xalts on the right hand side of
a seq being resolved regardless of the lifeline constraints:
xalt
xalt
Π(L, β, d1 seq d2 ) if Π(L, β, d2 ) −→
Π(L, β, d2 ) (24)
Π(L, β, d1 seq d2 ) −→

τ

τ

In addition (22) and (23) are given priority over (18)-(21). The execution strategy
then gives the same interaction obligations as the denotational semantics.

4

Soundness and Completeness

The operational semantics is sound and complete with respect to the denotational semantics presented in [3, 4, 5]. Informally, the soundness property means
that if the operational semantics produces a trace from a given diagram, this
trace should be included in the denotational semantics of that diagram. By
completeness we mean that all traces in the denotational semantics of a diagram
should be producible applying the operational semantics on that diagram. In this
section we state our soundness and completeness results and provide sketches of
the proofs. The full proofs are found in [6].
Let O be the set of all interaction obligations. [[ d ]] ∈ P(O) is the denotation
of d(the formal deﬁnition is found in Appendix A). We write t ∈ [[ d ]] for
S t denotes the trace t with all events not in E ﬁltered
t ∈ (p,n)∈[[ d ] (p ∪ n). E 
!
away. envM .d is the multiset of messages m such that the receive event but not
the transmit event of m is present in d.
Theorem 1 (Termination). Given a diagram d ∈ D without inﬁnite loop.
!
.d, d] will terminate.
Then execution of [envM
def

def

Proof. Deﬁne a function w ∈ D → N such that w(skip) = 0, w(e) = 1,
def

def

w(d1 seq d2 ) = w(d1 par d2 ) = w(d1 )+ w(d2 )+ 1, w(d1 alt d2 ) = w(d1 xalt d2 ) =
def
def
max(w(d1 ), w(d2 )) + 1, w(neg d) = w(d) + 1, w(loopn d) = n(w(d) + 2) and
def

w(loop I d) = max(I)(w(d) + 2) + 1. It is easy to see that for all d ∈ D,
e
τ
w(d) ≥ 0, and that for every execution step [β, d] −→ [β  , d ] or [β, d] −→ [β, d ],
!
.d, d] must terminate.


w(d) > w(d ). Thus, execution of [envM
Theorem 2 (Soundness). Given a diagram d ∈ D without inﬁnite loop. For
t
!
.d, d] −→ [β, skip] then
all t ∈ (E ∪ T )∗ , if there exists β ∈ B such that [envM
S t ∈ [[ d ]].
E
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Proof. We show this by induction on the structure of d. The induction start
d = skip or d = e is trivial. As induction hypothesis, we assume that the theorem holds for d1 and d2 . There are seven cases to consider. We start with
t
!
d = d1 seq d2 . Assume that [envM
.d, d1 seq d2 ] −→ [β, skip], then by (1), (2),
(5), (6), t is obtained by executing d1 and d2 in an alternate fashion. This means
tk
!
we have [envM
.dk , dk ] −→
[βk , skip] such that t is a merge of t1 and t2 . By the
S tk ∈ [[ dk ]] so we must show that the merge preserves the
induction hypothesis E 
causality of messages and ordering of events on each lifeline. The ﬁrst is assured
by (1) and (4), and the second by (5) and (6). The proof for d = d1 par d2
is similar except we do not have to think about preserving the ordering along
S t ∈ [[ dk ]] for k = 1 or k = 2.
lifelines. For d = d1 alt d2 we must show that E 
τalt
t
!
!
We observe that, by (2) and (9), [envM .d, d] −−→ [envM
.d, dk ] −→ [β, skip], so
S t ∈ [[ dk ]]. Because τalt ∈ E it is suﬃcient simply to
by induction hypothesis E 
choose the right k. The case of d = d1 xalt d2 is identical. So is d = neg d1 by
observing that this is a choice between d1 and skip. d = loop I d1 is treated in
the same way as alt, and d = loopn d1 as n consecutive seqs.


Theorem 3 (Completeness). Given a diagram d ∈ D without inﬁnite loop.
For all t ∈ E ∗ , if t ∈ [[ d ]] then there exist trace t ∈ (E ∪ T )∗ and β ∈ B such
t

!

S t = t.
.d, d] −→ [β, skip] and E 
that [envM

Proof. By induction on the structure of d. The induction start d = skip or d = e
is trivial. We assume that the theorem holds for d1 and d2 as the induction
hypothesis. There are seven cases to consider. Assume t ∈ [[ d1 seq d2 ]]. Then
tk ∈ [[ dk ]] must exist such that t is a merge of t1 and t2 , but in such a way that
(a) the causality of messages is preserved and (b) for all lifelines l, the events on
lifeline l in t1 precede the events on lifeline l in t2 . By the induction hypothesis
t

k
!


S t
.dk , dk ] −→
[βk , skip] and E 
[envM
k = tk . This means we may obtain t such

S t by executing d1 and d2 in an alternating fashion. (a) ensures
that t = E 
that this execution never is blocked by (4) and (b) ensures that execution is
never blocked by (6). The case for d = d1 par d2 is similar, but we do not
have to take (b) into consideration. For t ∈ [[ d1 alt d2 ]] we must have that
t ∈ [[ dk ]] for k = 1 or k = 2. By the induction hypothesis we have t such that

t

!

S t
.dk , dk ] −→ [βk , skip] and E 
= t. By choosing the appropriate k, and
[envM
t



letting t = τ  t we easily see that [env ! .d, d] −→ [β, skip] (by (2) and (9))
alt

M


S t = t (because τalt ∈ E). As above, xalt, neg and loop I are treated in
and E 
the same way as alt, and loopn is treated as n consecutive seqs.



With respect to diagrams that contain inﬁnite loop, we must assume weak fairness between diagram fragments for the operational semantics to be sound. This
means that an arbitrary diagram fragment may not be reachable by the projection system for inﬁnitely many consecutive execution steps without being executed. With this assumption we avoid situations where some part of a diagram
only is executed ﬁnitely often even though it is inside an inﬁnite loop.
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Related Work

Several approaches to deﬁning operational semantics for UML sequence diagrams
and MSC have been made. The MSC semantics presented in [7] is similar to our
execution system, but lacks the formal meta-level. In [8] semantics for the MSC
variant Live Sequence Charts (LSC) is deﬁned. This semantics has a meta-level,
formalized by pseudo-code, which is used for assigning meaning to invalid executions. In both [9] and [10] LSC semantics is applied to UML sequence diagrams,
but none of them conform to the intended UML semantics. In [11] safety and
liveness properties are used for distinguishing valid from invalid behavior, but
the approach is based on a large amount of transformation and diagrams are not
composed by weak sequencing. The MSC semantics presented in [12] has some
of the same variability and extendibility that we are aiming at in our semantics,
but is heavily based on synchronization of lifelines. The UML semantics of [13]
is similar to ours in that it is deﬁned by rewrite rules operating directly on a
syntactical representation of sequence diagrams, but treats invalid behavior as
the complement of valid behavior.
On inspection of these and other approaches to operational semantics for
sequence diagrams and MSCs, like [14, 15, 16, 17, 18, 19, 20], we ﬁnd that they
diﬀer from our semantics in one or more of the following:
– Non-conformance with the intended semantics of UML.
– No notion of explicit negative behavior and no distinction between negative
behavior and unspeciﬁed behavior
– No distinction between potential and mandatory choice.
– Lack of a proper meta-level that may be used for assigning meaning to
negative and potential/mandatory behavior.
– Lack of possibility and freedom in deﬁning and formalizing a meta-level.
– Lack of modiﬁability and extensibility, e.g., with respect to the communication model.
– Requiring transformations from the textual syntax into the formalism of the
approach.
Our aim has been to stay close to the UML standard in both syntax and semantics. Further we have aimed to facilitate ease of extension and modiﬁcation when
adapting the semantics to diﬀerent interpretations and applications of sequence
diagrams.

6

Conclusions

In this paper we have presented an operational semantics for UML 2.0 sequence
diagrams. We are not aware of any other operational semantics for UML 2.0
sequence diagrams or MSCs with the same strength and generality as ours.
Several approaches have been made, but all with signiﬁcant shortcomings.
Our operational semantics for UML 2.0 sequence diagrams is simple and is deﬁned with extensibility and variation in mind. It does not involve any translation
or transformation of the diagrams into other formalisms, which makes it easy
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to use and understand. It is sound and complete with respect to a reasonable
denotational formalization of the UML standard.
The operational semantics have a formalized meta-level for deﬁning execution
strategies. This meta-level is used for distinguishing valid from invalid traces, and
for distinguishing between traces of diﬀerent interaction obligations. Further it
may be used for deﬁning diﬀerent meta-strategies that guide the execution. We
have shown two examples: generating a single trace and generating all traces
with a white box view of the diagram. Other examples may be to generate a
speciﬁc number of traces or preﬁxes of a speciﬁc length. It is also possible to
deﬁne strategies that take a black box view of the diagram.
The semantics is implemented in the term rewriting language Maude [21],
and forms the basis of a tool for analysis of sequence diagrams currently under
development. Recent work includes test generation from sequence diagrams; see
[22] for more details.
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A

Denotational Semantics

On diagrams we have the constraints that a given message should syntactically
occur only once, and if both the transmitter and the receiver lifelines of the
message are present in the diagram, then both the transmit event and receive
event of that message must be in the diagram. In each trace, a transmit event
should always be ordered before the corresponding receive event. We let H denote
the set of all traces that complies with this requirement.
O is the set of interaction obligations. The semantics of a diagram is deﬁned by
a function [[ ]] ∈ D → P(O). For the empty diagram and the diagram consisting
of a single event, the semantics is given by:
def

[[ skip ]] = {({}, ∅)}

def

[[ e ]] = {({e}, ∅)}

We deﬁne weak sequencing of trace sets:
e.l
S h = e.l 
S h1
S h2 }
s1  s2 = {h ∈ H | ∃h1 ∈ s1 , h2 ∈ s2 : ∀l ∈ L : e.l
def
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where e.l denotes the set of events that may take place on the lifeline l. The seq
construct is deﬁned as:
def

[[ d1 seq d2 ]] = {o1  o2 | o1 ∈ [[ d1 ]] ∧ o2 ∈ [[ d2 ]]}
where weak sequencing of interaction obligations is deﬁned as:
def

(p1 , n1 )  (p2 , n2 ) = (p1  p2 , (n1  p2 ) ∪ (n1  n2 ) ∪ (p1  n2 ))
In order to deﬁne par, we ﬁrst deﬁne parallel execution on trace sets:
def

T (p, h)) ∈ s1 ∧
s1  s2 = {h ∈ H | ∃p ∈ {1, 2}∞ :π2 (({1} × E)
T (p, h)) ∈ s2 }
π2 (({2} × E)

In this deﬁnition, the oracle p resolves the non-determinism in the interleaving.
T is
π2 is a projection operator returning the second element of a pair, and 
an operator for ﬁltering pairs of traces (see [6] for formal deﬁnitions). The par
construct itself is deﬁned as:
def

[[ d1 par d2 ]] = {o1  o2 | o1 ∈ [[ d1 ]] ∧ o2 ∈ [[ d2 ]]}
where parallel execution of interaction obligations is deﬁned as:
def

(p1 , n1 )  (p2 , n2 ) = (p1  p2 , (n1  p2 ) ∪ (n1  n2 ) ∪ (p1  n2 ))
The semantics of alt is the inner union of the interaction obligations:
def

[[ d1 alt d2 ]] = {(p1 ∪ p2 , n1 ∪ n2 ) | (p1 , n1 ) ∈ [[ d1 ]] ∧ (p2 , n2 ) ∈ [[ d2 ]]}
The xalt is deﬁned as the union of interaction obligations:
def

[[ d1 xalt d2 ]] = [[ d1 ]] ∪ [[ d2 ]]
The neg construct deﬁnes negative traces:
def

[[ neg d ]] = {({}, p ∪ n) | (p, n) ∈ [[ d ]]}
The semantics of loop is deﬁned by a semantic loop construct μn , where n is
the number of times the loop should be iterated. Let  be a generalization of
potential choice (inner union of interaction obligation). loop is then deﬁned as:

def
[[ loop I d ]] =
μi [[ d ]]
i∈I

For n ∈ N (ﬁnite loop), μn is deﬁned as
def

μ0 O = {({}, ∅)}

def

μn O = O  μn−1 O

For a treatment of inﬁnite loop, see [5] or [6].

if n > 0

